Gouy phase shift is a well-known behavior that occurs when a propagating light is focused, but its behavior in the sub-wavelength confinement is not yet known. Here, we report the theoretical and experimental study of the aperture-size dependency of the Gouy phase shift in the sub-wavelength diffraction regime. In experiments carried out with laser-induced terahertz (THz) wave emission from various semiconductor apertures, we demonstrate the use of Guoy phase shit for sub-wavelength THz microscopy. Technological advancement involved in terahertz (THz) frequency wave has attracted a great deal of interest in many different research areas of electromagnetic wave applications, such as material characterization, remote sensing, and biomedical imaging, to list a few. 1, 2 For example, THz imaging systems based on THz time-domain spectroscopy (THz-TDS) use either temporally or spectrally resolvable sample information obtained from transmissive or reflective THz signal. However, compared to the plentiful information of a broad-band THz pulse itself gained as a result of spectrotemporal response to a specific material the information used in conventional THz imaging methodologies is rather limited. Recently there have been attempts to use alternative information of THz pulses, [3] [4] [5] [6] and there are continuing efforts to discover unconventional usages of THz waves for more advanced and practical measurements for various imaging applications in THz frequency range.
Phase microscope techniques are widely used for a specimen difficult to recognize in an ordinary light microscope. [7] [8] [9] Quantitative phase microscopy, in particular, utilizes mathematically derived phase information of optical waves that are transmitted through transparent and colorless objects to visualize the phase profile of the sample. 8, 9 In an ordinary THz phase microscope, also known as THz time-offlight microscopy, the time-delay difference of THz pulses is in correspondence with effective optical path length difference, and, therefore, the spatial phase information /ðx; yÞ that is quantified from a time-delay measurement Dtðx; yÞ of THz pulses, as
where f is the carrier frequency, which could give the additional information to an ordinary THz amplitude image. 10 In this letter, we report an observation of geometrically induced phase shift of THz waves and its application to THz imaging of sub-wavelength-scale objects. In an experiment of THz wave generation from semiconducting InAs structure, we found that the pulses radiated from emitters of subwavelength scale are temporally shifted compared to the ones from large emitters. With an imaging demonstration, we show that this size-dependent phase shift of diffracted THz waves can be used as a sensitive means to the recognition of sub-wavelength size structures.
In order to investigate the size-dependent phase shift of THz waves from sub-wavelength apertures, we first consider the original Gouy phase shift, which is size-independent, formulated in the work done by Feng and Winful. 11 The Gouy phase shift is originated from transverse spatial restriction of the wave and the uncertainty principle leads to the reduction of the longitudinal component of a propagation constant k. So, for a monochromatic wave propagating along z direction, the effective propagation constant k z is given by
where k x and k y are the transverse spatial frequencies, or the vector components of the propagation constant k, (i.e., k
, and their distribution Fðk x ; k y Þ is the Fourier transform of the spatial profile of the wave. Then, the Gouy phase shift / o G is given by
For a Gaussian beam propagation from À1 to 1, a constant Gouy phase shift / o G ¼ p is obtained, regardless of the size of the beam. Now we suppose a situation when the spatial restriction is severe enough that a sub-wavelength size effect should be explicitly considered. If the transverse size of a beam is smaller than the wavelength, the extent of the spatialfrequency distribution Fðk x ; k y Þ reaches outside the area of radius k. There, the longitudinal component k z becomes
, and an evanescent wave is formed. So, in Eq. (2), the area of integration outside k 2 x þ k 2 y k 2 needs to be excluded from the calculation.
Therefore, the effective propagation constant k z (real part only) becomes where the last two terms contribute to the Gouy phase shift. The given integral calculations are strongly influenced by the relative size of the propagation constant k compared to the inverse of the transverse spatial extent of the wave. For a beam of sub-wavelength waist w, it is straightforward to show that Eq. (4) leads to
which is valid for w 2 k 2 =2 ( 1. Figure 1 summarizes the numerically calculated Gouy phase shifts / G of THz pulses from sub-wavelength emission apertures of various sizes. Compared to / o G (dashed line in the bottom) of the one from a large-size aperture (w ¼ 2k), the Gouy phase shifts / G for three different-size apertures, w 1 ¼ k=40 (black), w 2 ¼ k=20 (red), and w 3 ¼ k=40 (blue), are shown in Fig. 1(d) , from the top to the bottom, where the wavelength k is assumed as k ¼ 600 nm for the rest of the calculation.
The THz waves under consideration are radiated from sub-wavelength-size small emitters of various beam waist w o 's located at z ¼ 0, and we are interested in obtaining the w o -dependence of the phase shift (/ G ) of the THz pulse, measured at z ¼ 1, with respect to the phase of THz pulses from a large-size emitter. Using the chain rule of differentiation, we get
where w is the beam waist given as a function of z and its derivative becomes asymptotically a constant a before a subwavelength propagation (i.e., z ( k). It is noted that the subwavelength wave propagation accumulates negligible phase shift, and, as a result, the size-dependent Gouy phase shift is expected to be linear to the initial beam waist w o , at the subwavelength aperture limit.
For an experimental verification of the size-dependent phase shift of THz waves, we constructed a laser-THz emission microscope (LTEM) (Ref. 12) as shown in Fig. 2(a) . Femtosecond optical laser pulses were used to generate THz pulses via the photo-Dember effect transmissively from a low-bandgap InAs film. 13 The InAs thin film of 1-lm thickness was grown by molecular beam epitaxy on an AlAsSb buffered GaAs substrate. The thickness was optimized by considering effective Dember charge separation and absorption and resolution of THz pulses.
14 The as-grown InAs sample was glued to a sapphire substrate and the substrate and buffer layer were then eliminated by Typical experimental results are shown in Figs. 2(c) and  2(d) , which respectively plot the measured electric field and its Fourier spectra for the THz waves radiated from three different emission apertures. From top to bottom, the smaller aperture is used, the more temporal advancement is observed, as expected.
For a more quantitative analysis of the time-delay measurement, we used the first temporal moment, or the centroid time, defined as sðx; yÞ ¼ 1 Iðx; yÞ ð 0 ðtðx; yÞ À t 0 ÞE 2 ðx; y; tÞdt;
where the summation ( Ð 0 ) is taken for positive temporal signal only, (i.e., Eðx; y; tÞ > 0), over a finite time window, and t 0 is the reference time. The energy normalization is also given similarly as Iðx; yÞ ¼ Ð 0 E 2 ðx; y; tÞdt. Figure 2 (e) shows the centroid time of the radiated THz pulses is given as a function of the diameter of the InAs emission aperture. The diameter was varied from 30 to 200 lm and the excitation fluorescence of femtosecond laser pulses was kept constant. As shown in Fig. 2(e) , there is a drastic change of the negative time delay as a function of the diameter of the excitation InAs aperture. The THz pulses are further temporally advanced, shifted in the negative time direction, for smaller excitation apertures. Similar behavior has been reported in THz waveguide experiments through sub-wavelength apertures, but the phenomenological explanation in the context of an anomalous index change in waveguide coupling process has not successfully provided a clear picture for its physical origin. 16, 17 In our experiment, this temporal phase shift is explained by the geometrically induced phase shift of radiated THz pulses which is dependent of the size of emission apertures. As mentioned above, the size-dependent Gouy phase shift is expected to be linear to the initial beam waist at the sub-wavelength aperture limit. The geometrically induced phase shift of THz waves can be extended to THz imaging of sub-wavelength-scale objects.
For THz phase microscope imaging, we have patterned and tested a hexagram pattern. Figure 3(a) shows the optical image of the sample. The hexagram consists of three different circular InAs apertures: 30, 50, and 100 lm. All the temporal THz signals were measured for all two-dimensional pixels, scanned with 60-lm-diameter near-infrared pulses. A THz intensity image I(x, y) of the hexagram is shown in Fig.  3(b) . The intensity image is not appropriate to resolve the smallest hole due to weak THz signal in the linear scale representation. However, the temporal phase image resolve subwavelength 30-lm patterns by using the contrast of temporal phase difference as shown in Fig. 3(c) . As shown in Eq. (6) and Fig. 2(e) , the smaller the emission diameter is used and the earlier the centroid time of the radiated THz pulses occurs. We have experimentally confirmed that temporal phase image resolve sub-wavelength 30-lm patterns by using temporal phase difference due to difference arrival time of THz pulses.
In summary, we have considered terahertz phase microscopy in the sub-wavelength regime. With the laser-THz emission microscopy setup, we have studied temporal characteristics of THz pulses generated from sub-wavelength InAs apertures. It is observed that the temporal phase shift of the THz pulse occurs when the THz-wave emission aperture is of sub-wavelength scale. This temporal phase shift is explained by the beam-waist-dependent Gouy phase shift, of which the physical origin is the sub-wavelength spatial confinement of the propagating wave. In the proof-of-principle demonstration of THz phase imaging, we have verified that the temporal phase difference of THz waves can resolve small objects of sub-wavelength size. This effect of geometrically induced phase shift is a generic wave property in the subwavelength regime and, therefore, further studies with other wave sources in various frequency range are warranted. 
